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1. Introduction and preliminaries
Let E be a real Banach space. A subset K is called proximinal if for each x ∈ E, there exists an element k ∈ K such that
d(x, k) = inf{‖x− y‖ : y ∈ K} = d(x, K).
It is known that aweakly compact convex subsets of a Banach space and closed convex subsets of a uniformly convex Banach
space are proximinal. We shall denote the family of nonempty bounded proximinal subsets of K by P(K) and the family of
nonempty compact proximinal subsets of K by CP(K). Consistent with [1], let CB(E) be the class of all nonempty bounded
and closed subsets of X . Let H be a Hausdorff metric induced by the metric d of E, that is
H(A, B) = max

sup
x∈A
d(x, B), sup
y∈B
d(y, A)

for every A, B ∈ CB(E). It is obvious that P(K) ⊆ CB(E). A multivalued mapping T : K −→ P(K) is said to be a contraction if
there exists a constant k ∈ [0, 1) such that for any x, y ∈ K ,
H(Tx, Ty) ≤ k ‖x− y‖ ,
and T is said to be nonexpansive if
H(Tx, Ty) ≤ ‖x− y‖
for all x, y ∈ K . A point x ∈ K is called a fixed point of T if x ∈ Tx.
The study of fixed points for multivalued contractions and nonexpansive mappings using the Hausdorff metric was
initiated by Markin [2] (see also [1]). Later, an interesting and rich fixed point theory for such maps was developed which
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has applications in control theory, convex optimization, differential inclusion and economics (see, [3] and references cited
therein).Moreover, the existence of fixed points formultivalued nonexpansivemappings in uniformly convex Banach spaces
was proved by Lim [4].
The theory of multivalued nonexpansive mappings is harder than the corresponding theory of single valued
nonexpansive mappings. Different iterative processes have been used to approximate the fixed points of multivalued
nonexpansive mappings. Among these iterative processes, Sastry and Babu [5] considered the following. Throughout the
paper, N denotes the set of positive integers.
Definition 1 ([5]). Let K be a nonempty convex subset of E, T : K → P(K) a multivalued mapping with p ∈ Tp.
(i) The sequences of Mann iterates is defined by x1 ∈ K ,
xn+1 = (1− an)xn + anyn, (1.1)
where yn ∈ Txn is such that ‖yn − p‖ = d(p, Txn), and {an} is a sequence of numbers in (0, 1) satisfying limn→∞ an = 0
and
∑
an = ∞.
(ii) The sequence of Ishikawa iterates is defined by x1 ∈ K ,
yn = (1− bn)xn + bnzn,
xn+1 = (1− an)xn + anun, (1.2)
where zn ∈ Txn, un ∈ Tyn are such that ‖zn − p‖ = d(p, Txn) and ‖un − p‖ = d(p, Tyn), and {an}, {bn} are real sequences
of numbers with 0 ≤ an, bn < 1 satisfying limn→∞ bn = 0 and∑ anbn = ∞.
Panyanak [6] generalized the results proved by [5].
The following is a useful Lemma due to Nadler [1].
Lemma 1. Let A, B ∈ CB(E) and a ∈ A. If η > 0, then there exists b ∈ B such that d(a, b) ≤ H(A, B)+ η.
Based on the above lemma, Song and Wang [7] modified the iteration scheme due to Panyanak [6] and improved the
results presented therein. Their scheme is given as follows:
Let K be a nonempty convex subset of E, an ∈ [0, 1] , bn ∈ [0, 1] and ηn ∈ (0,∞) such that limn→∞ ηn = 0. Choose
x1 ∈ K and z1 ∈ Tx1. Let
y1 = (1− b1)x1 + b1z1.
Choose u1 ∈ Ty1 such that ‖z1 − u1‖ ≤ H(Tx1, Ty1)+ η1 (see [8,1]). Let
x2 = (1− a1)x1 + a1u1.
Choose z2 ∈ Tx2 such that ‖z2 − u1‖ ≤ H(Tx2, Ty1)+ η2. Take
y2 = (1− b2)x2 + b2z2.
Choose u2 ∈ Ty2 such that ‖z2 − u2‖ ≤ H(Tx2, Ty2)+ η2. Let
x3 = (1− a2)x2 + a2u2.
Inductively, we have
yn = (1− bn)xn + bnzn
xn+1 = (1− an)xn + anun (1.3)
where zn ∈ Txn, un ∈ Tyn are such that ‖zn − un‖ ≤ H(Txn, Tyn)+ ηn and ‖zn+1 − un‖ ≤ H(Txn+1, Tyn)+ ηn, and {an}, {bn}
are real sequences of numbers with 0 ≤ an, bn < 1 satisfying limn→∞ bn = 0 and∑ anbn = ∞.
It is to be noted that Song and Wang [7] need the condition Tp = {p} in order to prove their Theorem 1. Actually,
Panyanak [6] proved some results using Ishikawa type iteration process without this condition. Song andWang [7] showed
that without this condition his process was not well-defined. They reconstructed the process using the condition Tp = {p}
which made it well-defined. Such a condition was also used by Jung [9].
Hu et al. [10] obtained common fixed points of two nonexpansive mappings T , S : K → CB(K) satisfying certain
contractive condition. To achieve this, they employed the following iterative process:x1 ∈ K ,
yn = (1− bn)xn + bnyn, yn ∈ Txn
xn+1 = (1− an)xn + anun, un ∈ Syn, n ∈ N
(1.4)
where {an} and {bn} are in [0, 1] satisfying certain conditions.
Recently, Khan et al. [11] used the following iteration process in order to prove the strong and weak convergence
theorems for two multivalued nonexpansive mappings T , S : K → CB(K). This process is given as follows:
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x1 ∈ K ,
xn+1 = λyn + (1− λ)zn, n ∈ N (1.5)
where yn ∈ Sxn such that ‖yn − yn+1‖ ≤ H(Sxn, Sxn+1)+ ηn, zn ∈ Txn such that ‖zn − zn+1‖ ≤ H(Txn, Txn+1)+ ηn and λ is a
real number satisfying 0 < λ < 1. Although this scheme is simpler yet it needs the so called Condition (C) : d(x, y) ≤ d(z, y)
for y ∈ Sx and z ∈ Tx in the course of proof of the results.
In this paper, we introduce a new one-step iterative process for common fixed points of two multivalued nonexpansive
mappings by dropping the above-mentioned Condition (C). Let T , S : K → CB(K) be two multivalued nonexpansive
mappings with common fixed point p. Our process is as follows:
x1 ∈ K ,
xn+1 = λxn + µyn + νzn, n ∈ N (1.6)
where yn ∈ Sxn such that ‖yn − yn+1‖ ≤ H(Sxn, Sxn+1) + ηn, zn ∈ Txn such that ‖zn − zn+1‖ ≤ H(Txn, Txn+1) + ηn and
0 ≤ λ,µ, ν < 1 with λ+ µ+ ν = 1.
Remark 1. (i) Note that (1.6) reduces to (1.5) when λ ≡ 0.
(ii) Since the iterative process (1.6) is computationally simpler than the processes (1.2), (1.3) and (1.4), our results using
(1.6) are better.
Using the iteration process (1.6), we prove some weak and strong convergence theorems for approximating common
fixed points of two multivalued nonexpansive mappings in a uniformly convex Banach space. These results improve and
extend the corresponding results of Khan et al. [11] and Sastry and Babu [5]. Our results also improve the corresponding
results of Hu et al. [10], Panyanak [6], Song and Wang [7] being computationally simpler.
We shall use the condition Tp = Sp = {p} for any p ∈ F := F(T ) ∩ F(S). Using this condition, our iteration process
becomes well-defined on the lines similar to those used by Song andWang [7] (as remarked above). Basically, our condition
is an extension of the condition imposed by Song and Wang [7] to the case of two multivalued nonexpansive mappings
S, T : K → CB(K), where K is nonempty closed convex subset of a Banach space.
Below is an example of two multivalued nonexpansive mappings satisfying this condition.
Example 1. Let K = [0, 1] be endowed with the Euclidean metric. Let S, T : K → CB (K) be defined by Tx = 0, x4  and
Sx = 0, x2 . For any x, y ∈ K , if y > x, supx∈Tx d(x, Ty) = y4 − x4 , supy∈Ty d(y, Tx) = 0 and if x > y, supx∈Tx d(x, Ty) =
x
4 − y4 , supy∈Ty d(y, Tx) = 0. Thus
H (Tx, Ty) = max
 x
4
− y
4
 , 0
≤
 x
4
− y
4

≤ |x− y| .
In a similar way,
H (Sx, Sy) = max
 x
2
− y
2
 , 0
≤
 x
2
− y
2

≤ |x− y| ,
showing that T and S are multivalued nonexpansive mappings with F(T ) ∩ F(S) = {0} and Tp = Sp = {p} for any p ∈ F .
Now, we give the following definitions.
Definition 2. A Banach space E is said to satisfy Opial’s condition [12] if for any sequence {xn} in E, xn ⇀ x implies that
lim sup
n→∞
‖xn − x‖ < lim sup
n→∞
‖xn − y‖
for all y ∈ E with y ≠ x.
Examples of Banach spaces satisfying this condition are Hilbert spaces and all lp spaces (1 < p <∞). On the other hand,
Lp[0, 2π ]with 1 < p ≠ 2 fail to satisfy Opial’s condition.
Definition 3. A multivalued mapping T : K → P(E) is called demiclosed at y ∈ K if for any sequence {xn} in K which is
weakly convergent to an element x and yn ∈ Txn with {yn} converges strongly to y, we have y ∈ Tx.
It is known that if K is a nonempty weakly compact convex subset of Banach space E satisfying Opial’s condition and T a
multivalued nonexpansive mapping of K into K(E), then I − T is demiclosed with respect to zero.
Khan and Fukhar-ud-din [13] introduced the so-called condition (A′) and gave a slightly improved version in [14]. The
following is the multivalued version of condition (A′).
RE
TR
AC
TE
D
S.H. Khan et al. / Computers and Mathematics with Applications 61 (2011) 3172–3178 3175
Definition 4. Twomultivaluednonexpansivemappings S, T : K → CB(K)whereK a subset of E, are said to satisfy condition
(A′) if there exists a nondecreasing function f : [0,∞)→ [0,∞)with f (0) = 0, f (r) > 0 for all r ∈ (0,∞) such that
either d(x, Tx) ≥ f (d(x, F)) or d(x, Sx) ≥ f (d(x, F))
for all x ∈ K .
Next, we state the following useful lemma.
Lemma 2 ([15]). Suppose that E is a uniformly convex Banach space and 0 < p ≤ tn ≤ q < 1 for all positive integers n.
Also suppose that {xn} and {yn} are two sequences of E such that lim supn→∞ ‖xn‖ ≤ r, lim supn→∞ ‖yn‖ ≤ r and
limn→∞ ‖tnxn + (1− tn)yn‖ = r hold for some r ≥ 0. Then limn→∞ ‖xn − yn‖ = 0.
2. Main results
In order to prove some strong andweak convergence theorems, we need the following lemmas. Bymeans of the iterative
process (1.6), we shall prove the following lemmas. In the sequel, we will write F = F(S) ∩ F(T ) for the set of all common
fixed points of the mappings S and T . In contrast with [11], we do not need their Condition (C).
Lemma 3. Let E be a normed space and K be a nonempty closed convex subset of E. Let S, T : K → CB(K) be multivalued
nonexpansive mappings. Let {xn} be the sequence as defined in (1.6). If F ≠ ∅ and Tp = Sp = {p} for any p ∈ F then
limn→∞ ‖xn − p‖ exists for all p ∈ F .
Proof. Let p ∈ F . It follows from (1.6) that
‖xn+1 − p‖ = ‖λxn + µyn + νzn − p‖
= ‖λ(xn − p)+ µ (yn − p)+ ν(zn − p)‖
≤ λ ‖xn − p‖ + µ ‖yn − p‖ + ν ‖zn − p‖
= λ ‖xn − p‖ + µd(yn, Sp)+ νd(Tp, zn)
≤ λ ‖xn − p‖ + µH(Sp, Sxn)+ νH(Tp, Txn)
≤ λ ‖xn − p‖ + µ ‖xn − p‖ + ν ‖xn − p‖
= ‖xn − p‖ . (2.1)
Thus, limn→∞ ‖xn − p‖ exists for each p ∈ F . 
Lemma 4. Let E be a uniformly convex Banach space and K be a nonempty closed convex subset of E. Let S, T : K → CB(K) be
multivalued nonexpansive mappings. Let {xn} be the sequence as defined in (1.6). If F ≠ ∅ and Tp = Sp = {p} for any p ∈ F
then limn→∞ d(xn, Sxn) = 0 = limn→∞ d(xn, Txn).
Proof. From Lemma 3, limn→∞ ‖xn − p‖ exists for each p ∈ F . We suppose that limn→∞ ‖xn − p‖ = c for some c ≥ 0. Then
lim
n→∞ ‖xn+1 − p‖ = limn→∞ ‖λ(xn − p)+ µ (yn − p)+ ν(zn − p)‖
= lim
n→∞
(1− ν) [ λ1− ν (xn − p)+ µ1− ν (yn − p)
]
+ ν(zn − p)

= c. (2.2)
Since S, T are nonexpansive mappings and F ≠ ∅, we have ‖yn − p‖ = d(yn, Sp) ≤ H(Sxn, Sp) ≤ ‖xn − p‖ for each
p ∈ F . Taking lim sup on both sides, we obtain
lim sup
n→∞
‖yn − p‖ ≤ c. (2.3)
Similarly,
lim sup
n→∞
‖zn − p‖ ≤ c. (2.4)
Next,
lim sup
n→∞
 λ1− ν (xn − p)+ µ1− ν (yn − p)
 ≤ lim sup
n→∞
[
λ
1− ν ‖xn − p‖ +
µ
1− ν ‖yn − p‖
]
≤ lim sup
n→∞
[
λ
1− ν ‖xn − p‖ +
µ
1− ν ‖xn − p‖
]
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= lim sup
n→∞
λ+ µ
1− ν ‖xn − p‖
=

λ+ µ
1− ν

c
= c. (2.5)
Using (2.2), (2.3), (2.5) and Lemma 2, we get
lim
n→∞
 λ1− ν (xn − p)+ µ1− ν (yn − p)− (zn − p)
 = 0.
This yields
0 = lim
n→∞
 λ1− ν xn + µ1− ν yn − zn

= lim
n→∞

1
1− ν

‖λxn + µyn − (1− ν) zn‖
= lim
n→∞

1
1− ν

‖λxn + µyn + νzn − zn‖
= lim
n→∞

1
1− ν

‖xn+1 − zn‖ .
That is,
lim
n→∞ ‖xn+1 − zn‖ = 0.
In a similar way, we can show that
lim
n→∞ ‖xn+1 − yn‖ = 0 and limn→∞ ‖xn+1 − xn‖ = 0.
Also, ‖xn − zn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − zn‖ and ‖xn − yn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − yn‖ imply that
lim
n→∞ ‖xn − zn‖ = 0 and limn→∞ ‖xn − yn‖ = 0.
Now
d(xn, Txn) ≤ d(xn, zn)
and
d(xn, Sxn) ≤ d(xn, yn)
give d(xn, Txn)→ 0 and d(xn, Sxn)→ 0 as n →∞. This completes the proof of the lemma. 
Here we will approximate common fixed points of the mappings S and T through the weak convergence of the sequence
{xn} defined in (1.6).
Theorem 1. Let E be a uniformly convex Banach space satisfying Opial’s condition and K , S, T and {xn} be as taken in Lemma 4.
If F ≠ ∅ and Tp = Sp = {p} for any p ∈ F , I − S and I − T are demiclosed with respect to zero, then {xn} converges weakly to a
common fixed point of S and T .
Proof. Let p ∈ F . From the proof of Lemma 3, limn→∞ ‖xn − p‖ exists. Now we prove that {xn} has a unique weak
subsequential limit in F . To prove this, let z1 and z2 be weak limits of the subsequences {xni} and {xnj} of {xn}, respectively.
By Lemma 4, there exists yn ∈ Sxn such that limn→∞ ‖xn − yn‖ = 0 and I − S is demiclosed with respect to zero. Therefore
we obtain z1 ∈ Sz1. Similarly, z1 ∈ Tz1. In the same way, we can prove that z2 ∈ F .
Next, we prove uniqueness. For this, suppose that z1 ≠ z2. Then by Opial’s condition, we have
lim
n→∞ ‖xn − z1‖ = limni→∞ ‖xni − z1‖
< lim
ni→∞
‖xni − z2‖
= lim
n→∞ ‖xn − z2‖
= lim
nj→∞
‖xnj − z2‖
< lim
nj→∞
‖xnj − z1‖
= lim
n→∞ ‖xn − z1‖,
which is a contradiction. Hence {xn} converges weakly to a point in F . 
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Corollary 1. Let C be a nonempty compact convex subset of a uniformly convex Banach space E satisfying Opial’s condition,
S, T : C → K(C) be multivalued nonexpansive mappings and {xn} be the sequence as defined in (1.6), where K(C) is the family
of nonempty compact subsets of C . If F ≠ ∅ and Tp = Sp = {p} for any p ∈ F then {xn} converges weakly to a common fixed
point of S and T .
We now give some strong convergence theorems. Our first strong convergence theorem is valid in general real Banach
spaces. We then apply this theorem to obtain a result in uniformly convex Banach spaces.
Theorem 2. Let E be a real Banach space and K , {xn}S, T be as in Lemma 4. If F ≠ ∅ and Tp = Sp = {p} for any p ∈ F then
{xn} converges strongly to a common fixed point of S and T if and only if lim infn→∞ d(xn, F) = 0.
Proof. The necessity is obvious. Conversely, suppose that lim infn→∞ d(xn, F) = 0. As proved in Lemma 3, we have
‖xn+1 − p‖ ≤ ‖xn − p‖ ,
which gives
d(xn+1, F) ≤ d(xn, F).
This implies that limn→∞ d(xn, F) exists and so by the hypothesis, lim infn→∞ d(xn, F) = 0. Therefore we must have
limn→∞ d(xn, F) = 0.
Next we show that {xn} is a Cauchy sequence in K . Let ε > 0 be arbitrarily chosen. Since limn→∞ d(xn, F) = 0, there
exists a constant n0 such that for all n ≥ n0, we have
d(xn, F) <
ε
4
.
In particular, inf{xn0 − p : p ∈ F} < ε4 . There must exist a p∗ ∈ F such thatxn0 − p∗ < ε2 .
Now form, n ≥ n0, we have
‖xn+m − xn‖ ≤
xn+m − p∗+ xn − p∗
≤ 2 xn0 − p∗
< 2
ε
2

= ε.
Hence {xn} is a Cauchy sequence in a closed subset K of a Banach space E, and so it must converge in K . Let limn→∞ xn = q.
Now
d(q, Tq) ≤ d(q, xn)+ d(xn, Txn)+ H(Txn, Tq)
≤ d(q, xn)+ d(xn, zn)+ d(xn, q)
→ 0 as n →∞
which gives that d(q, Tq) = 0, which implies that q ∈ Tq. Similarly,
d(q, Sq) ≤ d(q, xn)+ d(xn, Sxn)+ H(Sxn, Sq)
≤ d(q, xn)+ d(xn, yn)+ d(xn, q)
→ 0 as n →∞
which implies that q ∈ Sq. Consequently, q ∈ F . 
Finally, we shall use the condition (A′) to study the strong convergence of {xn} defined in (1.6). In our next theorem, we
assume that S, T : K → CB(K) satisfy condition (A′). In contrast to Theorem 3.8 [6], we do not impose the condition of
proximinality on F . We now apply the above theorem to obtain the following.
Theorem 3. Let E be a uniformly convex Banach space and K , {xn} be as in Lemma 3. Let S, T : K → CB(K) be two nonexpansive
mappings satisfying condition (A′). If F ≠ ∅ and Tp = Sp = {p} for any p ∈ F then {xn} converges strongly to a common fixed
point of S and T .
Proof. By Lemma 4, limn→∞ ‖xn − p‖ exists for all p ∈ F . Let this limit be c for some c ≥ 0.
If c = 0, there is nothing to prove.
Suppose c > 0. Now ‖xn+1 − p‖ ≤ ‖xn − p‖ implies that
inf
p∈F
‖xn+1 − p‖ ≤ inf
p∈F
‖xn − p‖ ,
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which means that d(xn+1, F) ≤ d(xn, F) and so limn→∞ d(xn, F) exists. By using condition (A′), either
lim
n→∞ f (d(xn, F)) ≤ limn→∞ d(xn, Txn) = 0
or
lim
n→∞ f (d(xn, F)) ≤ limn→∞ d(xn, Sxn) = 0.
In both cases we have
lim
n→∞ f (d(xn, F)) = 0.
Since f is a nondecreasing function and f (0) = 0, it follows that limn→∞ d(xn, F) = 0. Now applying Theorem 2, we obtain
the result. 
Remark 2. Theorem 3 improves and extends Theorem 4 of [11] and Theorem 3.8 of [6].
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